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Abstract: A quantitative comparison between the results of shear viscosities from the Chapman-Enskog and relaxation
time methods is performed for selected test cases with specified elastic differential cross sections: (i) the non-
relativistic, relativistic and ultra-relativistic hard sphere gas with angle and energy independent differntial
cross section, (ii) the Maxwell gas, (iii) chiral pions and (iv) massive pions. Our quantitative results reveal
that the extent of agreement (or disagreement) depends very sensitively on the energy dependence of the
differential cross sections employed.
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1. Introduction
The interpretation of the measured elliptic and higher order collective flows in terms of viscous hydrodynamics
relies sensitively on the ratio of shear viscosity to entropy density. Here, we quantify the extent to which results
from different approaches for shear viscosities of hadrons agree (or disagree) by choosing some classic examples
in which the elastic scattering cross sections are specified. The two different approximation schemes chosen for
this study are the Chapman-Enskog and relaxation time methods. The test cases selected are: (i) a hard sphere
gas (angle and energy independent differential cross section σ = a2/4, where a is the hard sphere radius), (ii) the
Maxwell gas (σ(g, θ) = mΓ(θ)/2g with m being the mass of the heat bath particles, Γ(θ) is an arbitrary function
of θ, and g is the relative velocity), (iii) chiral pions (for which the t−averaged cross section
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σ = s/(64pi2f4pi)
(
3 + cos2 θ
)
, where s and t are the usual Mandelstam variables and fpi (93 MeV) is the pion-decay
constant, and (iv) massive pions (for which the differential elastic cross section is taken from experiments [1] ).
Where possible, analytical results are obtained in either the non-relativistic or extremely relativistic cases.
2. The Chapman-Enskog Approximation
In this scheme, the local distribution function is expressed in terms of small deviations from equilibrium in
terms of hydrodynamic variables and their gradients. Successive approximations to the transport coefficients are
then developed using relativistic kinetic theory. For elastic scattering of identical particles (obeying Boltzmann
statistics), the first approximation to shear viscosity is given by [2]
[ηs]1 =
1
10
kT
γ20
c00
, where γ0 = −10hˆ , hˆ = K3(z)
K2(z)
, z =
mc2
kT
and c00 = 16
(
w
(2)
2 −
1
z
w
(2)
1 +
1
3z2
w
(2)
0
)
. (1)
The quantity w
(s)
i is the so-called the relativistic omega integral given by
w
(s)
i =
2piz3c
K2(z)2
∫ ∞
0
dψ sinh7 ψ coshi ψKj(2z coshψ)
∫ pi
0
dΘ sin Θσ(ψ,Θ) (1− coss Θ) , (2)
where j = 5
3
+ 1
2
(−1)i. The relative and center of mass momenta g and P are given by
g =
1
2
(p1 − p2) , P = (−pαpα)1/2 , sinhψ = g
mc
, and coshψ =
P
2mc
. (3)
The integral involving the differential cross section σ(ψ,Θ) is generally referred to as the transport cross section.
The above expressions are readily reduced to their non-relativistic counterparts for z  1 [3].
3. Relaxation Time Approximation
In this method, the main assumption is that the effect of collisions is to bring the perturbed distribution function
f(x,p) close to the equilibrium distribution function feq(x,p) over a time τ which is of order the time required
between particle collisions. The collision integral of the Boltzmann equation can then be written as Dcf(x,p) =
− f(x,p)−feq(x,p)
τ
. Following closely the formalism described in Refs. [4–6], we restrict our attention to two-body
elastic reactions a+ b→ c+ d in a heat bath containing a single species of particles. Employing the notation in
Ref. [6], the shear viscosity is given by [6]
ηs =
1
15T
∫ ∞
0
d3pa
(2pi)3
|pa|4
E2a
1
wa(Ea)
feqa , where f
eq
a (x,pa, t) =
1
e(Ea−µa)/T − (−1)2sa . (4)
Above, wa(Ea) is the collision frequency which takes the form
wa(Ea) =
∫
d3pb
(2pi)3
√
s(s− 4m2)
2EaEb
1
2
σT f
eq
b , (5)
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Table 1. The Chapman-Enskog (sec. 2) and relaxation time (sec. 3) shear viscosities of nonrelativistic systems.
Case Cross-section Chapman-Enskog Method Relaxation Time Method Chapman-Enskog/Relaxation Time
Hard-sphere σ = a
2
4
0.078
√
mkBT
pi
1
a2
0.049
√
mkBT
pi
1
a2
1.59
Maxwell gas σ0 =
mΓ(θ)
2 g
kBT
2pi Γ
kBT
2pi Γ
1.00
Table 2. The Chapman-Enskog (sec. 2) and relaxation time (sec. 3) shear viscosities of ultra-relativistic systems..
Case Cross-section Chapman-Enskog Method Relaxation Time Method Chapman-Enskog/Relaxation Time
Hard-sphere σ0 =
a2
4
1.2 kBT
pi a2
1
c
8
5
kBT
pi a2 c
1.33
Chiral pions σ = s
(64pi2f4pi)
15pi
184
f4pi
T
1
h¯2c3
12pi
25
f4pi
T
1
h¯2c3
0.169
× (3 + cos2 θ)
where σT is the total cross section. Interactions appear in the collision frequency through the total cross section.
Here we see the difference with the Chapman-Enskog approximation which features a transport cross section that
favors right-angled collisions in the center of mass frame.
4. Comparison of Results and Conclusion
Table 1 shows results for non-relativistic (z = mc2/kBT  1) hard sphere and Maxwell particles. Results in the
ultra-relativistic limit, explored in the cases of the hard sphere gas [3] and massless pions [7], are shown in Table
2. In the case of massive interacting pions with experimental cross sections, calculations are performed using
the relativistic scheme in Eqs. (1) and (4) as in Refs. [7] and [6] (Fig. 1). The results in Tables 1 and 2 and
those in Fig. 1 must be viewed bearing in mind the difference that exists in the two calculational procedures.
The Chapman-Enskog approximation features the transport cross section with an angular weight of (1− cos2 Θ)
in first order calculations. The relaxation time approach lacks this angular weighting. The angular integral can
be performed analytically for the cases chosen and leads to a factor of 4/3. Even so, it is intriguing that for
the case of Maxwell particles with Γ(θ) = Γ, the two methods give exactly the same result. This agreement can
be attributed to the fact that the relative velocity appearing in the denominator of the cross section is exactly
cancelled by a similar factor occuring in the numerator in both methods. In the remaining cases, it is clear from
the tables that the energy dependence of the cross sections plays a crucial role in determining the extent to which
results differ between the two approaches. This trend persists even with higher order results in the Chapman-
Enskog approximation [8]. In Fig. 1, the first order results of shear viscosity from the Chapman-Enskog approach
are compared with those from the relaxation time approach (left panel). The right panel shows the ratio of the
relaxation time viscosity to that from the Chapman-Enskog viscosity in first order.
The analytical and numerical results of our comparative study reveal that the extent of agreement (or disagree-
ment) depends sensitively on the energy dependence of the differential cross sections employed. Our results (i) call
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Figure 1. Left panel: ηs of massive pions from the relaxation time approximation and the first order Chapman-Enskog approxi-
mation. Right panel: The ratio of ηs from the relaxation time to Chapman-Enskog approximations.
for checks from the more exact Green-Kubo calculations of shear viscosity, and, (ii) stress the need to combine all
available experimental knowledge concerning differential cross sections for low mass hadrons and to supplement
them with theoretical guidance for the as yet unknown cross sections so that the temperature dependent shear
viscosity to entropy ratio can be established for use in viscous hydrodynamics.
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